
Dr. Marques Sophie Linear algebra II SpringSemester 2016
Office 519 marques@cims.nyu.edu

Problem Set # 6 (This problem set will count twice).

Justify all your answers completely (Or with a proof or with a counter example)
unless mentioned differently. No step should be a mystery or bring a question. The grader
cannot be expected to work his way through a sprawling mess of identities presented without
a coherent narrative through line. If he can’t make sense of it in finite time you could lose
serious points. Coherent, readable exposition of your work is half the job in mathematics.
You will loose serious points if your exposition is messy, incomplete, uses mathematical
symbols not adapted...

Exercise 1:
Let T : V → V be a linear operator on a finite dimensional vector space V . Let
V = E ⊕ F and PE, PF be the projection E, F for this splitting. Show that both
subspaces are T -invariant if and only if PET = TPE if and only if PFT = TPF .

Exercise 2:
If A has upper triangular form with zeros on and below the diagonal,

A =


0 ∗
·
·

0 0


prove that

A2 =


0 0 ∗
· ·
· 0

0 0


Exercise 3: Let V = F5 and T : V → V the operator

T (x1, · · · , x5) = (0, x3 + x4, 0, x3, x1 + x4)

1. Show T is nilpotent, determine deg(T ) and the kernels

Kd = V ⊇ Kd−1 ⊇ · · · ⊇ K1 ⊇ {0}

and find a basis E such that [T ]E has block diagonal form, with each block Bi

an elementary nilpotent matrix, follow the proof of the theorem and write this
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matrix down.
(This is the “Jordan canonical form” for a nilpotent linear operator.)
(Note: Please remember the grader might not be familiar at all with the proof of
the theorem proven in class, make sure to explain to him clearly your choice of
notations, how every step goes and make sure no important information is missing
to follow your reasoning. If the grader cannot figure out what is going on without
reading the proof of the theorem, you will loose a lot of credits for the question.
You do not need of course to reprove the theorem. You will have anyway to do
this each time you use this theorem. I want you to fully understand what is going
on.).

2. Deduce a decomposition of V into cyclic subspaces. Give a basis for those cyclic
subspaces using the basis E found in the previous question. Describe the action
of T on the basis of those cyclic subspaces and give the dimension of each cyclic
subspace. Which part of the basis you created in the previous question give you
cyclic generators for the cyclic subspaces you found?

3. Give a matrix S such that S[T ]XS
−1 is the “Jordan canonical form” for the

nilpotent linear operator T where X is the standard basis for F5.

Exercise 4: Which of the following matrices are nilpotent?

1.  0 0 0
1 0 0
0 1 0


2.  0 1 2

0 0 3
0 0 0


3.  1 2 −1

−1 −2 1
−1 −2 1


4.  5 −6 −6

−1 4 2
3 −6 4


If A is nilpotent, find a basis for F3 that puts A into block diagonal form with elemen-
tary nilpotent blocks. What is the resulting block diagonal form if the blocks are listed
in order of decreasing size?
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Exercise 5: For each linear operator T on the vector space V find a basis for the
T -cyclic subspace generated by the vector z.

1. V = R4, T (a, b, c, d) = (a+ b, b− c, a+ c, a+ d) and z = e1

2. V = P3(R), T (f) = f ′′ and z = x3

3. V = M2×2(R), T (A) =

(
1 1
2 2

)
A, and z =

(
0 1
1 0

)
.

Exercise 6: Let T be a linear operator on a finite-dimensional vector space V .

1. Prove that if the characteristic polynomial of T splits, then so does the charac-
teristic polynomial of the restriction of T to any T -invariant subspace of V .

2. Deduce that if the characteristic polynomial of T splits, then any nontrivial T
invariant subspace of V contains an eigenvector of T .

Exercise 7: Let T be a linear operator on a vector space V and let W be a non-trivial
T -invariant subspace of V . Define T : V/W → V/W by T (v+W ) = T (v) +W for any
v +W in V/W .

1. Show that T is well defined. That is, show that T (v) +W = T (v′) +W whenever
v +W = v′ +W .

2. Prove that T is a linear operator on V/W .

3. Let η : V → V/W be the quotient linear operator sending v to v+W . Show that
ηT = Tη.

4. Prove that if T is diagonalizable, then TW and T are diagonalizables.

5. Prove that TW and T are diagonalizable and Sp(T |W ) ∩ Sp(T ) = ∅, then T is
diagonalizable.

Exercise 8: Let A =

 1 1 −3
2 3 4
1 2 1

, let T = LA, and let W be the cyclic subspace of

R3 generated by e1.

1. Let T be a linear operator on a finite-dimensional vector space V , and letW denote
the T -cyclic subspace of V generated by x ∈ V . Suppose that dim(W ) = k ≥ 1
(and hence x 6= 0). Prove that {x, T (x), · · · , T k−1(x)} is a basis for W and that
if T k(x) = −a0x−a1T (x)−· · ·−ak−1T k−1(x), then the characteristic polynomial
of TW is f(t) = (−1)k(a0 + a1t+ · · ·+ ak−1t

k−1 + tk).

2. Using the previous question compute the characteristic polynomial of TW .

3. Show that {e2 + W} is a basis for R3/W , and use that fact to compute the
characteristic polynomial of T .
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4. Use the previous questions to find the characteristic polynomial of A.

Exercise 9: Let W be the 3 dimensional subspace in V = F5 determined by the
equations {

x1 − 2x2 + x3 = 0
3x1 + 5x3 − x4 = 0

1. Find 3 vectors {v1, v2, v3} forming a basis for W .

2. Find 2 vectors {v4, v5} that form a basis for V (mod W ).

3. Find 2 of the standard basis vectors {e1, e2, e3, e4, e5} in F5 that are a basis for V
(mod W ).

4. Do either of the vectors in F5

f1 = 2e1 − 3e2 + e3 + e4 f2 = −e1 + 2e2 + 5e3 − 2e4

lie in the subspace W determined by the system above? Do these vectors form a
basis for F5 (mod W )?

Exercise 10:

1. If N1, N2 are nilpotent is N1N2 nilpotent? What if N1 and N2 commute?

2. If N1, N2 are nilpotent operator Nk : V → V and [N1, N2] = N1N2 −N2N1 = 0

(a) Prove that all linear combination c1N1 + c2N2 is also nilpotent.

(b) If N1, · · · , Nr are nilpotent and commute pairwise, so [Ni, Nj] = 0 for i 6= j,
prove that all operators in F− Span{N1, · · · , Nr} are nilpotent.

Exercise 11: Let V = Pn(F) = {all polynomials f =
∑n

i=0 cix
i ∈ F[x] of degree ≤ n}

1. Show that the differentiation operator D : V → V , Df = df
dx

= c1 + 2c2 + · · ·+n ·
cnx

n−1 is nilpotent and degree(D) = n+ 1 (Note: dim(V ) = n+ 1).

2. Prove that any differential operator L : V → V of the form a1D+a2D
2+· · ·+anDn

(with no constant term a0) is nilpotent.

3. In Pn(R) consider the subspaces V1 = {f : f(x) = f(−x); ”even” polynomials}
and V2 = {f : f(−x) = −f(x) : ”odd”polynomials}. Prove Pn = V1

⊕
V2. Are

those subspaces invariant under the differentiation operator?

Exercise 12: Show Tr(A) = 0, for any nilpotent linear operator A : V → V on a finite
dimensional space. Is the converse true?
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